We apply Gaussian processes and Hubble function data in f (T ) cosmology, to reconstruct for the first time the f (T ) form in a model-independent way. In particular, using H(z) datasets coming from cosmic chronometers as well as from the radial BAO method, alongside the latest released local value H0 = 73.52 ± 1.62 km/s/Mpc, we reconstruct H(z) and its derivatives, resulting eventually in a reconstructed region for f (T ), without any assumption. Although the cosmological constant lies in the central part of the reconstructed region, the obtained mean curve follows a quadratic function. Inspired by this we propose a new f (T ) parametrization, i.e. f (T ) = −2Λ + ξT 2 , with ξ the sole free parameter that quantifies the deviation from ΛCDM cosmology. Additionally, we confront three viable one-parameter f (T ) models of the literature, which respectively are the power-law, the square-root exponential, and the exponential one, with the reconstructed f (T ) region, and then we extract significantly improved constraints for their model parameters, comparing to the constraints that arise from usual observational analysis. Finally, we argue that since we are using the direct Hubble measurements and the local value for H0 in our analysis, with the above reconstruction of f (T ), the H0 tension can be efficiently alleviated. 
I. INTRODUCTION
Modified gravity is an effective approach to describe the early-and late-time universe acceleration [1, 2] ), except for an introduction of the inflaton and/or dark energy components [3, 4] . In particular, the interest of study upon modified gravity has been revoked in particular by the recently reported measurements of the H 0 tension that has failed to be addressed within the standard ΛCDM cosmology [5] [6] [7] . Among various constructions of modified gravity one can find the interesting class that is based on the torsional formulation (for a review see [8] ). In particular, starting from the Teleparallel Equivalent of General Relativity (TEGR) [9] [10] [11] [12] , one can construct modifications such as the f (T ) gravity [8, , the f (T, T G ) gravity [43, 44] , scalar-torsion theories [45, 46] , etc.
One key question for any theory of modified gravity is how to determine a viable choice from the arbitrary functions that have been involved. Some general features may be determined by theoretical arguments such as the theoretical requirements for a ghost-free theory that possesses stable perturbations etc, or the desire for the action to possess Noether symmetries; however, the main tool of constraining the possible forms of modification remains that of observational confrontation. The general recipe is to consider by hand a variety of specific forms inside some general class, apply them in a cosmological framework, predict the dynamical behaviours at both the background and perturbation levels, and then use observational data to constrain the involved parameters or exclude the examined form (a similar procedure can also be followed to confront with local/solar system data). For the case of torsional gravity, the cosmological confrontations have been performed in [47] [48] [49] [50] [51] [52] [53] [54] , and the solar system tests can be found in [55] [56] [57] , while the latest limit from galaxy lensing has been presented in [58] . Hence, in the literature there exist at least three viable scenarios for f (T ) gravity [48, 53] .
Although the above procedure of observational constraints is very useful to offer crucial information on the possible modification forms, it is even more expecting if the data can reconstruct the involved modification functions in a model-independent way without inserting an initial guess. Such a procedure has been successfully developed in the early-time inflationary cosmology [59] [60] [61] ; however, concerning the late-time cosmology the involved complications allow only for a partial application, such as in the cosmography framework [62] . Interestingly, a useful tool towards the above reconstruction is the anal-ysis of Gaussian processes (GP) [63] [64] [65] , which allow one to investigate features of the form of the involved unknown functions in a model-independent way, using only the given datasets. Such a procedure has been applied to dark energy models using various datasets in order to reconstruct the evolution of the Hubble function, of the dark energy equation-of-state (EoS) parameters, of the dimensionless comoving luminosity distance, of the dark interaction term, etc. [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] .
In this article we develop the GP analysis for the case of f (T ) cosmology, in order to reconstruct the form of the f (T ) modification in a model-independent way, namely using as the only input the observational datasets of Hubble function measurements H(z). Such a procedure becomes easy in the case of f (T ) cosmology, since the latter has the advantage that the torsion scalar is a simple function of H, namely T = −H 2 , and thus eventually all cosmological equations can be expressed in terms of H(z) and its derivative. Hence, reconstructing H(z) and its derivative from the Hubble data through the GP analysis, leads to the reconstruction of the f (T ) form itself, without any assumption.
The plan of the article is as follows. In Section II we provide a brief review of the cosmological equations of f (T ) gravity. In Section III we describe the basic ingredients of GP and then we apply it for Hubble function observational data reconstructing H(z) and its derivative. Then in Section IV we use this reconstruction in order to reconstruct the form of f (T ) in a model-independent way, and to extract constraint on the various f (T ) models of the literature. Finally, in Section V we summarize our results with a discussion.
II. f (T ) GRAVITY AND COSMOLOGY
In this section we briefly review f (T ) gravity and cosmology. In torsional formulation one uses as dynamical variables the vierbeins fields, which form an orthonormal basis at a manifold point. In a coordinate basis they are related to the metric through g µν (x) = η AB e [81] , and thus the corresponding torsion tensor is
The torsion tensor incorporates all the information of the gravitational field, and the torsion scalar arises from its contraction as
This forms the Lagrangian of teleparallel gravity (similarly to general relativity where the Lagrangian is the Ricci scalar), and since variation in terms of the vierbeins gives the same equations with general relativity, the constructed theory was named teleparallel equivalent of general relativity (TEGR). One can start from TEGR to proceed the torsional based modifications. The simplest extension is to generalize T in the action to be T + f (T ) [8] ,
where e = det(e A µ ) = √ −g, G is the gravitational constant, and where for completeness we have also included the matter Lagrangian L m . Variation of the above action results to the field equations In order to apply f (T ) gravity at a cosmological framework we impose the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric
which corresponds to the vierbein form e A µ = diag(1, a, a, a), where a(t) is the scale factor. Inserting this choice into the general field equations (4) we result to the Friedmann equations of f (T ) cosmology, namely
with H ≡ȧ/a the Hubble function and where dots denoting derivatives with respect to t. Additionally, in the above equations ρ m and P m are respectively the energy density and pressure of the matter fluid. Note that the torsion scalar (2) in FRW geometry becomes
and this expression proves very useful for the purpose of the present work.
As a next step we define an effective dark energy sector with energy density and pressure respectively given by
and therefore its EoS parameter reads as
. (11) Hence, the first Friedmann equation (6) effectively acquires the standard form
Finally, the system of cosmological equations closes by considering the matter conservatioṅ
which using (6), (7) implies additionally the conservation of the effective dark energy,
III. GAUSSIAN PROCESS USING H(z) DATA
In this section we first present the general steps of the GP approach, and then we apply it in the case where the inserted data come from Hubble function observations.
A. Gaussian Process
The GP is a powerful tool allowing to reconstruct the behavior of a function (and its derivatives) directly from given datasets [66] . The basic ingredients of the GP techniques are the covariance function (kernel), and the feature that the parameters describing it can be estimated directly from observational data [66] . Hence, one does not need to consider any specific parametrization for the involved unknown function of the model, since it can be reconstructed from observational data directly by using the cosmological equations.
In GP one assumes that the observations of the dataset are sampled from a multi-variance Gaussian distribution. Moreover, the values of the function evaluated at different points are not independent, and the connection between neighbouring points is due to the covariance functions chosen in advance. The Gaussian distribution corresponds to a random variable characterized by a mean value and a covariance. Similar to Gaussian distributions, GPs should be understood as distributions over functions, determined by a mean function and a covariance matrix. Since the covariance function, for a given set of observations, can infer the relation between independent and dependent variables, using the covariance function the GP correlates the function at different points.
There exists a number of possible choices for the covariance function, i.e., for the kernel, e.g. squared exponential, polynomial, spline, etc, used in various applications [63] . Although there is a discussion on possible effects of the kernel choice on the results [63, 65] (in a similar way that there is a discussion of the possible effect of the covariance matrix choice on the usual observational fittings [82, 83] ), one commonly used choice, with good theoretical justification, is the squared exponential function [63, 65] 
where σ f and l are parameters known as hyperparameters. These parameters represent the length scales in the GP. In particular, l corresponds to the correlation length along which the successive f (x) values are correlated, while to control the variation in f (x) relative to the mean of the process we need the parameter σ f . Therefore, the covariance between output variables will be written as a function of the input ones. We mention that the covariance is maximum for variables whose inputs are suitably close. Furthermore, as can be seen from (14), the squared exponential function is infinitely differentiable, which proves to be a useful property in case of reconstructing higher-order derivatives. Finally, the initial and effective approach adopted in GP to estimate the values of the hyperparameters, is based on the training by maximizing the likelihood, showing that the reconstructed function has the measured values at the data points. 
B. H(z) data
In this work we will use GP techniques with Hubble data H(z) (1 + z = a 0 /a, with a 0 = 1 the present scale factor). In particular, we use 30-point samples of H(z) arising from the differential evolution of cosmic chronometers, alongside 10-point samples obtained from the radial BAO method, which allows to extend the data range up to z = 2.4, improving also the behavior at low redshifts. In Table I we present the above points as they appear in [72] . We note that in principle the use of data points from different datasets should be avoided, however, as it was discussed in [66] , the simultaneous use of the above two data sets gives the increased statistics that it is necessary for the correct application of the GP. Finally, concerning the value of the Hubble parameter at present H 0 , we use the latest released local value at 2.4% precision, namely H 0 = 73.52 ± 1.62 km/s/Mpc [84] . We mention here that since we are using the direct Hubble measurements and the local value for H 0 , in our analysis 1 Another choice can be the so-called Matern (ν = 9/2) covariance function [63, 65] 
with σ f and l the hyper-parameters. However, its application leads to similar results with the squared exponential function (14) , namely coincidence within 1σ [78] . Thus, for simplicity we in this article proceed only with one kernel choice, i.e (14) .
and hence in our f (T ) reconstruction, the H 0 tension is alleviated by construction.
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We use the publicly available package GaPP (Gaussian Processes in Python) developed by Seikel et al. [66] , and we apply it for the aforementioned H(z) data. The result of this elaboration is the successful reconstruction of H(z) and H ′ (z) (primes denote derivative with respect to the redshift z) in a model-independent way. The obtained mean curves and their 1σ errors are presented in Figure 1 (note that although we impose the value H 0 = 73.52 ± 1.62 km/s/Mpc the GP reconstruction itself provides a value around 68.9 km/s/Mpc at z = 0). These reconstructions will be used to reconstruct the f (T ) forms in the next section. 
IV. RECONSTRUCTING f (T ) FORM FROM GP
In the previous section we applied the GP in the H(z) data, and we resulted in the reconstruction of H(z) and its derivatives, in a model-independent way, namely without assuming anything on the underlying gravitational 2 Accompanied with the H 0 as well as σ 8 tensions, another modelindependent approach of alleviation can be achieved by virtue of the effective field theory dictionary as shown in [85] . 
FIG. 1: GP reconstruction of H(z) and H
′ (z) (primes denote derivative with respect to the redshift z), using the Hubble data arising from the differential evolution of cosmic chronometers (30-point sample) and from the radial BAO method (10-point sample) [72] , presented in Table I , alongside the latest released local value H0 = 73.52 ± 1.62 km/s/Mpc [84] , using the squared exponential kernel (14) . In each graph the black curve marks the mean reconstructed curve, while the light blue region marks the 1σ errors coming from the data errors, as well as from the GP errors. We use units of km/s/Mpc. theory or cosmological scenario. In this section we will assume that the universe is governed by f (T ) gravity, hence we will use the cosmological equations of Section II, and we will use the reconstructed H(z) and its derivatives to reconstruct the form of f (T ) without any other assumption. Up to our knowledge this is the first time that this is performed, since up to now in the literature a specific ansatz for f (T ) was always imposed by hand and then the confrontation with the data led to constraining the involved parameters.
The basic feature of f (T ) gravity that makes the above reconstruction procedure easy is the fact that in FRW ge-ometry for the torsion scalar we have relation (8), namely T = −6H 2 , i.e. it is a simple function of H. Thus, all the involved terms and functions of f (T ) cosmology can eventually be expressed in terms of H(z) and its derivatives, which have been reconstructed through GP in the previous section. Hence, the final step of this analysis is the reconstruction of the form f (T ) itself.
We start by expressing all cosmological equations of Section II in terms of the redshift z. For the time derivative of a function h we haveḣ = −h ′ H (1 + z) , where the prime denotes derivative with respect to z, while for f T we have
The next step in the application of the GP is to replace
for small ∆z, which allows to relate the values of f at z i+1 and z i . In particular, it is easy to see that from Equation (6) one acquires
where T = −6H 2 and T ′ = −12HH ′ . Moreover, for the matter sector we adopt the EoS parameter for regular dust, which eventually gives
due to (12) . Here H 0 and Ω m0 are the Hubble parameter and the dark matter density parameter (Ω m = 8πGρm 3H 2 ) at z = 0. Inserting these into (17) we finally obtain
Equation (19) allows us to reconstruct f (z), as long as H(z) and H ′ (z) are known. However, in the previous sections we were able to reconstruct H(z) and H ′ (z) from the Hubble data. Thus, the reconstruction of f (z) is straightforward. Finally, since both f (z) and T (z) = −6H 2 (z) are reconstructed, we can easily reconstruct the form of f (T ) in a model-independent way.
In Figure 2 we present the reconstructed f (T ) resulting from our analysis, which is the main result of the present work. Let us now try to extract information on the possible forms of f (T ).
The first and clear result is that the f (T ) = −2Λ = const. form, namely the cosmological constant, lies in the central part of the reconstructed region, and in particular with the value f (T ) = −6H 2 ) as expected. Nevertheless, from the reconstructed region of Figure 2 we can obtain additional information, namely what is the form of the mean reconstructed curve (the black curve of Figure 2 ). In particular, as we can see the mean curve is not a constant, but its best fit (with accuracy R 2 ≈ 0.94) follows a quadratic function of the form f (T ) = −2Λ + αT + ξT 2 , with −2Λ = −6H 2 0 (1 − Ω m0 ) (i.e. Λ is not a free parameter) and the two parameters α ≈ −0.026 ± 0.00088, ξ ≈ (−9.68±0.28)×10 −8 in units of km/s/Mpc. Since the linear term can be removed from f (T ) and be absorbed by the standard linear term that exists already in (3), the above form remains with one free parameter namely ξ, as it is the case in all viable models (that is why we did not allow for a second free parameter, namely γT 3 , although in this case the fitting is significantly improved at R 2 ≈ 0.999). Hence, in summary, the mean curve of the reconstructed procedure follows the quadratic form
with ξ the sole free parameter. Note that, if we use a dimensionless free parameter then we may re-write ( [48, 53] , with our reconstructed region. In particular, they are the power-law (f 1 CDM) model
with α = 1−Ωm0 1−(1+p)e −p and T 0 = −6H 2 0 , and the exponential (f 3 CDM) model
with α = 1−Ωm0 1−(1+2p)e −p . These models coincide with ΛCDM for b = 0 (model (21)), and for b = 1/p → 0 + (models (22) and (23)). As shown in Figure 3 , if we expect the above f (T ) forms to lie inside the reconstructed region we obtain the following constraints on their sole parameter: −0.0005 < b < 0.0004 for the power-law (f 1 CDM) model, 0 < b = The reconstructed forms of the dark energy density parameter ΩDE from (9) (upper graph), as well as of the dark energy EoS parameter wDE from (11) (lower graph), as they arise using the obtained reconstructions of H(z), H ′ (z) and f (T ). In each graph the black curve marks the mean reconstructed curve, while the light blue region marks the 1σ errors coming from the data errors, as well as from the GP errors. 1/p < 0.15 for the square-root exponential (f 2 CDM) model, and 0 < b = 1/p < 0.13 for the exponential (f 3 CDM) model. Interestingly enough, these constraints are improved comparing to the constraints coming from usual observational analysis using Supernovae type Ia, quasi-stellar objects, Cosmic Microwave Background shift parameter, direct Hubble constant measurements with cosmic chronometers, and redshift space distortion (f σ 8 ) measurements, which give −0.047 < b < 0.011 for the power law, −0.035 < b = 1/p < 0.129 for the square-root exponential, and −0.011 < b = 1/p < 0.111 for the exponential models [53, 54] . Note the significant improvement by two orders of magnitude in the case of the power-law model. This is one of the main results of the present work, and shows the capabilities of the reconstruction procedure using GP.
Finally, concerning the quadratic form of f (T ) in Equation (20) , we deduce that in order to lie inside the reconstructed region its free parameter ξ should be constrained as −8.0 × 10 −8 < ξ < 4.5 × 10 −8 (in units of (km/s/Mpc) −4 ). Equivalently, using the dimensional parameter β = 36H 4 0 ξ discussed above, we derive that −59 < β < 33. Hence, in the present work we propose the new f (T ) parametrization (20) , since it can also be efficient in describing the reconstructed region that was obtained from the Hubble data through the GP analysis. The efficiency of the quadratic form was actually expected, since at late times where H and thus T are small, every function can be expanded in T -series.
For completeness, we close this section by presenting in Figure 4 the model-independent reconstructed forms of the dark energy density parameter Ω DE = 8πGρ DE /3H 2 from (9), as well as of the dark energy EoS parameter w DE from (11), as they arise using the obtained reconstructions of H(z), H ′ (z) and f (T ).
V. CONCLUSIONS
In this work we have applied the GP analysis and Hubble function data in f (T ) cosmology, to reconstruct for the first time the f (T ) form in a model-independent way. In particular, up to now in the literature of f (T ) gravity, as well as in the majority of gravitational modifications, physicists were assuming specific ansatz for the involved unknown function, and were using observational data in order to constrain the model parameters. However, the use of the GP analysis allows to investigate features of the form of the involved unknown functions in a modelindependent way without any assumption, using only the given observational datasets.
We applied the GP analysis for Hubble function measurements, namely for H(z) datasets coming from cosmic chronometers as well as from the radial BAO method, alongside the latest released local value H 0 = 73.52±1.62 km/s/Mpc at 2.4% precision. Application of the procedure led to the reconstruction of H(z) and its derivative without any assumption. On the other hand, f (T ) cosmology has the advantage that the torsion scalar is a simple function of H, namely T = −H 2 , and thus eventually all cosmological equations can be expressed in terms of H(z),H ′ (z). Hence, having reconstructed H(z) and H ′ (z) allowed us to additionally reconstruct the f (T ) form itself, without any assumption. Up to our knowledge this is the first time where a general and modelindependent reconstruction for the f (T ) gravity is obtained. Additionally, we mention that since we are using the direct Hubble measurements and the local value for H 0 , in our analysis and hence in our f (T ) reconstruction, the H 0 tension can be alleviated by construction.
A first result of our analysis is that the cosmological constant lies in the central part of the reconstructed region, as expected. However, the mean curve of the reconstructed region is not a constant, but its best fit follows a quadratic function. Hence, inspired by this, in this work we proposed a new one-parameter f (T ) parametrization, namely f (T ) = −2Λ + ξT 2 , with −2Λ = −6H 2 0 (1 − Ω m0 ) and ξ the sole free parameter that quantifies the deviation from ΛCDM cosmology. Moreover, fitting this form into the reconstructed region we extracted the constraints on the free parameter as −8.0 × 10 −8 < ξ < 4.5 × 10 −8
(km/s/Mpc) −4 . Additionally, we confronted three viable oneparameter f (T ) models with the reconstructed f (T ) region, which are the power-law, square-root exponential, and exponential one, respectively. As shown in the main text, we obtained improved constraints for their free parameters, comparing to the bounds that arise from traditional observational analyses, and especially for the case of the power-law model the improvement was more than two-orders of magnitude.
In summary, using GPs and Hubble data we obtained a model-independent reconstruction for the f (T ) form, and fitting its mean curve we proposed a new one-parameter f (T ) parametrization, namely the quadratic one. Finally, confronting three viable f (T ) models of the literature with our reconstructed region, we extracted improved constraints on their parameters. These features reveal the capabilities of the reconstruction procedure using GPs. Hence, it would be interesting to apply them in other theories of modified gravity too.
